
 

IMmodNhasmultiplicativefection

ÉÉii prime wemay assume N 7

Let Xo N be the Compactified modular curve for Po N
Let JoCN be theJacobian of Xo N

oÉn has a smooth propermodel over ZEN
I
I N has a smooth proper model over Z tn
I

Neron modelCover21 of Jo N is an abelian scheme over Z t
H

Q What are the fibers of this Neron model at N

Why is this On important
We have the following result
Them Suppose A is an abelian variety over d with a map
f Xo N A such that

i A has completely good reduction awayfrom N
in Ahas toxic ormultiplicative reduction at N

in
the IH components of Alp d are trivial or cyclotomic

for some prime p N

iv f o f x separates cusps



Then no Elliptic curve over Q has a rational pointof order N

In this lecture we will show ii can be guaranteed for
all quotients A of Jo N byshowing it for JoCN

Note that Xo N A
7

1
To N s Albanese ofXo N Jacobian of Xo N

StrategyoftheProof

1 Relate the reduction of JoN mod N with the Pic of the reduction

of the minimal regularmodel of Xo n at N

X IN 7 T.CN

minimal I 4ftp.go.my
Raynauds theorem

regular by often amodel

foeduce freduce mod Nmod N y notpropernotsmoky I N Jo N but smoothCoverFn
but
mild singul

p die identitycomponentasities

Pic XIN N NT

Weshall discuss the precise statement in a while



2 Get hold of singularities of ICN Fn Basically be a bunchof
Ipt's intersecting transversal ly

S Snowden does it we shall spend most of our time with 2

taking 1 forgranted

CompletelyToric reduction forQuotients

Lga Let R be a Dedekind Domain with OCR K

Let A B be Abelian varieties over Ks.t A B Then

Ahas a completely toxic seduction at a closed point of R
B has i i is is is the closed ft

RMI Aly is said to have completely toxic reduction at k if

g
ok connectedcomponent
ofidentity Torus not necessarily split

over R

PI Let f A B be the quotientmap
I g B A s t gof na

By NMP f Eg extend to F A B
Ciquely G B 7A

Moreover GoF is the unique extension of gof Since
A is also a comm gp scheme mamakes sense byuniqueness
of NMP GoF NA Bp is a quotient of Ap



Bp is a quotient of a finite index subgp of Ap
with Aj a torus
Boyis a torus can check this over keep

Raynaudstheoren

Let f X s proper flatmap of locally Noetherian schemes

Pic fppf sheafification of the presheaf ofgps
s't Pic Xs in the big fppf site overs

Fact When S is a field Pict is representable by a

gp scheme Murre

I
can make sense of subsheaf Picksrepresented byidentity
component of the gp scheme Pica
I

For a general base S Pigs is the subsheaf of sections which
for every geometricpointof S map

to the respective Pico

Let S Spec O Oa duo with fraction field k d residue field
k Suppose He a curve rel dim 1 Let Xi be the irred

components of Ap with di b Ozmy

Then Raynaud

Suppose a Ak is smooth over k 6 His regular c god of di 1



Let JI be the Neron model of Jac Xk over 04 Tobe the
identity component Then Pick is in fact reprenstable by a
smooth gp scheme over 0 dg coincides with T

I
Jp 5 Pilarpi

RER In our situation Ap is reduced di's 1

Minimal regularmodel of Xo
N

We as Snowden does change some notations

N p a prime
We are going to ignore cusps to be explained later
µ
deal with Yo p instead of Xo p
Finally we will be working with the following stacks

a Mo p stack parametrizing Elliptic curves and a subgp
of orderp

Yo p Mo p coarse Moduli space henceforth to be

denoted by MoCp

exp a prime 2

6 Mo p e stack parametrizing Elliptic curves a

subgp of order p together withalfébasis for the l torsion
points



Mo P e is infact an Affine schemeand we shall denote itby MoCp e

c Finally we have

Mce stack parametrizing Elliptic curves together with
a basis for l torsion points

Mce is a scheme and we denote it byM e

d We have a presentation of Mo p as a DM stack

permuting a basis of b torsion

MCP e Mo p Mcp e a

with G G La Fe automorphismgp of lit l torsion

points on an Elliptic curve over a

field
GE schematic quotient

Mo p Mcp e obtained by taking G invariants

ofthe coordinate ring
E Note that G 1 ee o mod p
Thus taking invariants behaves well even in char p

e Finally if in all the above statements we replace Elliptic
curves with generalized Elliptic curves we get models over
21

East a M e is smooth over 2 Lte



6 Mo p e is regular and flat over ZfMoreover
it is smooth over 2 pt

All To study the singularities in the special fiber of
the minimal regular model 01M by studying those
of Mo b d Ifp

Curve over Ifp

PII the scheme Mo p e up is CM by reduced It is smooth loverIfp

away fromthe S
S points Each s s point is an ordinary

node

npo
torsion Panisd

1 Let Mo p e spec A A is regularda flat over 2ft
Nus B

p
is CM quotient of a regular ring by an ad

Gnthe rest of the proof we work over IF
1 Wehavemorphisms i M e Mo P e if

LE.BAJnEkeoF CBOD
j Mll Mo p e Fp
E CP O 7 EY perv CPQD

source of p isogeny
f Mo Pie M e

ifp

g MoCP.GE f gftofp isogeny
Clearly by construction fo i Lucey got Ince



i beg are closed immersions

Since everything in sight is a curve Mce
Ep

is

smooth over Ip i j must infact be just immersion

of components

3 Finally note that M p eEptclosed subset of Mo f dip
givenbyVanishing of a morphism

of

vector bundles on Mo pre
ord

Mo p e Ep MoCp e M Cp e if
I i model g

model

This is thus smooth over Ip
I

MoCp e Ep
is generically reduced CM one dimensional

Mok
ftp.sxdued MolP.yisxdu

Ed LetAbe a generically reduced CM ring Need

to show A is reduced Clearly may assume A is local Suppose

fe A is nilpotent Then mat 0 since A is generically reduced
I
every element of Ma is a O divisor a contradiction

4 Moll P is defined over Ifp Thus there is a

Frobenius F Moll P Mole P
p
whose fixed

points are Ifp valued points



points are lip valued points
i By construction it is immediate that Foi J Fog i
In particular F'preserves i MC e Ep their intersect

j Mlb Fp
a It also follows that fog F goi

Imf 4 S s elliptic curves over Fp are in fact defined
over lFp2

B Now let REM e be a s s point Let y ich jeg Ello p e

Wehave a map M e IM e smooth curves over

Filing IP IpI normalization
Moll P reduced generically

smooth curve Ifp
let Ay be thecompleted local sing at y
1 x 12 17 12 11 1 x

Then Cliff Ay 7 Cox n is injective since Ay is reduced
Let teCe be an uniformizer
let u Fct gactP acu TECH CHEEP

It f fact ight EP

Ct th Ctp EP

t t o I te o

Fatso anuniform272



Mizer

Similarly if night Ictp
air O t tP

O th tr

Kt any element of Carla is a power series in

a cu Eacu

I
if Ze ma y

then acz F acu a cul for some power
Series FSince a is injective This Ipa VI Ay

Since acuv 0 IF Eu v I
FpEuI I Ay

Both of these are reduced local

rings with two components so Y is an iso

my sis point has a nodal singularity

D

Now we carry out the proof an integral version of the above
proposition

Poop The scheme Mo p e is smooth over Z t away from
the s s points in char p At the s s points the strictly
complete local ring is I

wcitpqu.pt
regular



Pf smoothness can be checked fibre wise so the result on

smoothness follows from last prop
1 Let R strictly complete local ring at n a s spoint in char p

Rs flat 21 to dim R 2

125 IÉEY
WCFp EuVD Fp Eu v

II Fr
I

local rings
I
is surjective since it is so mod P by
Nakayama

Y
Moreover ur eCP un Pw

WGFPE.pt R

I
completedlocal ring of a

scheme flat over
WCIFp

R
weep

is flat

Moreover of mod P is an iso kero is p torsion G hence
trivial by flatness

2 Now weprove that wehas to be an unit Indeed dim R 2

By regularity dim 12 2 But m u u P

m Uv UP VP PW UP VP



Thus mm vectorspace spanned by U V P mod Pub

If we is not an unit P we m2 dim Mm 3 contradiction

regularity

He

upto rescaling RI WEEP

StructureofMo
Recall that Mop MolP l g So we can use the above

Propositions to understand the local ring at s s points in char p

Asobserved before reduction mod p commutes with taking
quotients by G since PX1Gt

I
Mo p Mo P l Fp G

To understand the local ring of Mo P at a sis point we

need to understand the invariants under the action of stabilizers

on a point above on MoCp e

seeDR chap VI section 6

Them Let a be a char p point of Mo p R be the strict

complete local ring at se

a If x is not ss Mo p is smooth at n



I s p
6 if n is S S j a 0,1728 Mo p is regular at u
R W END X P

c If x is sis you 1728 R WG Ky p not
regulard 11 11 11 11 4 jerk O R W Ex YB

xy p3

Rtm With further analysis one can show that cuspidal points of

ToCp are smooth

Minimal regularmodel of NoCp

Mop is a flatproper model of its generic fiber which is

regular at all points except those in charp have j invariants

002 1728 To make this regular one has to blow up these

points once for 1728 which introduces IP s on the special
twice for 0

fibers

I
Reduction mod pof the minimal regular model is a
reduced curve all of whose irred components are a

bunch of IP intersecting transversal ly

Finally an easy computation tells you that such a curve has

Pico a torus

Jo p mod p has toric reduction


